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FOREWORD 

This document is  the concluding report of Task I, 
Problem Definition, of the Laser Space Communica- 
tions System (LACE) Study. 
Space and Information Systems Division of North 
American Aviation, Inc. This report i s  submitted in 
accordance with requirements of Contract NASw -977, 
Supplemental Agreement, dated 15 February 1965. 

It was prepared by the 
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INTRODUCTION 

SCOPE 

The overall objective of the Laser  Space Communications System 
(LACE) Study is to provide a plan for the implementation - of a compre- 
hensive experimental program to determine atmospheric effects on laser 
propagation, with particular emphasis on effects related to optical space- 
ground communication. 
expansion of ear l ie r  work under this contract and is divided into four 
tasks: Task I, Problem Definition; Task 11, Experiment Specification; 
Task 111, System Implementation Study; and Task IV, Program 
Specification. The results of al l  four tasks also w i l l  be summarized in 
a final report. 

The present study effort is a continuation and 

This report is concerned with the conclusion of ear l ier  effort initiated 
under Task I. 
concentrated on the determination of factors limiting optical earth-space 
communication, a survey of various atmospheric effects on optical trans - 
mission, and an analytical evaluation of the effect of signal transfer through 
the atmosphere on selected modulation techniques. 

The ear l ie r  contractual effort on this task (References 1 and 2) 

The a reas  of investigation included in this report  were established 
with the following objectives: (1) an extension of the optical propagation 
theory to include temporal variations and their effects on system Fer- 
formance; (2) a comparison and evaluation of various different theoretical 
treatments; (3)  a brief examination and updating of the measurement 
summary prepared in Reference 1; and (4) a study of the problem of the 
acquisition and dissemination of data. 

Although this report  is intended to satisfy the requirements of Task I, 
the Tasks 11, III, and IV efforts, in order  to be complete, also must  cover 
subject ~?;a#er related to the definition of the problem. 

SUMMARY O F  CONTENTS AND CONCLUSIONS 

A ra ther  complete review of the l i terature has Zcinted out the lack of 
measurements related to a theory that both describes the physical process 
causing fluctuation effects and is in a form suitable fo r  l a se r  communication 
system design. 

- 1 -  
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A considerable amount of cloud-cover statist ics is available in various 
forms that generally give average conditions for  a given locale. 
computations of the conditional probability of sky coverage (e. g., What is the 
probability of sky coverage at an alternate si te given a cert,ain sky coverage 
a t  a prime s i t e? )  f r o m  one experimental site to another a r e  not readily 
available. The explicit requirement for  these data will be examined further 
in Task III. 

However, 

i A brief analysis of cloud transmittance indicated that for relatively 
thin clouds the major par t  of the transmitted signal is coherent, while for 
thick clouds the majority of the transmitted light i3 scattered. 

The applicability of analytical work on wave propagation through a 
random media t o  the prediction of the time-power spectrum of the amplitude 
and phase fluctuations of a propagating wave is discussed, and recommen- 
dations for additional analysis a r e  indicated, 

The broad classifications of theoretical work of the following approaches 
a r e  compared: (1) solutions based on Rytov's method; (2 )  propagation of 
mutual coherence; ( 3 )  r a y  optics: (4) two-level (tropopause, ground layer)  
generating mechanism; and ( 5 )  Born approximation. 
of the results by several  workers, using Rytov's method, appear valid. 
Though some of the many details obtained by Tatarski  a r e  questioned ( a 
completely revised and condensed text is recommended), i t  is believed that 
many of his results may be used as  standards against which all other 
approaches may be judged. 
using a solution t o  an equation for the mutual coherence function, i s  in 
perfect agreement with those obtained by Rytov's method, and may be con- 
sidered a subcase of Tatarski's results. 
probably can be trusted to provide a good approximation to phase problems, 
but not to amplitude problems. It is indicated that more  experimental data 
a r e  needed to verify the conclusions concerning the two-level generating 
mechanism, and that the Born approximation is not applicasle. 

The general accuracy 

It was shown that Hufnagel and Stanley's result ,  

It i s  felt that ray  optic methods 

A method of acquiring and categorizing data related to the LACE pro- 
gram is illustrated. 

- L -  
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EXTENSION O F  THE REVIEW O F  TYPES 
O F  AVAILABLE MEASUREMENTS 

The review of types of measurements and limitations of atmospheric 
effects on optical propagation has been extended to include some additional 
work in measurements and theoretical analysis performed both in  this 
country and abroad. 
to reinforce previous conclusions on the lack of measurements related to 
a theory describing the physical process causing fluctuation effects. 

This additional review of the l i terature serves  further 

The material covers reports on topics of index of refraction theory 
and measurement, atmospheric spectr a1 conditions , atmospheric turbulence, 
turbidity measurements, and measurement of spatial coherence and noise 
spectra  of the propagation of a laser  beam through the atmosphere. In 
addition to the references reported here ,  attention is called to a recent 
Technical Note of the U. S. National Bureau of Standards (Reference 3),  
which presents a very comprehensive l i terature survey of observational, 
experimental, and theoretical aspects of optical scintillation. A later 
section of this task report  also compares some of the theoretical approaches 
to the problem. 

This review, together with that previously reported under Task I, 
provides a summary of available measurements bearing on the LACE pro- 
blem definition. 

Scattering by random variations in the index of refraction resulting 
f rom random variations in the temperature in the troposphere is considered 
in substantial detail in Reference 4. A number of typical optical paths were 
used to illustrate the problem, and it was pointed out that it is possible to 
show that multiple scattering contributions a r e  of importance for a l l  but 
very short  paths in the troposphere. 

A model of the atmosphere was  used to account for turbulent motion 
and refractive-index fluctuations in the eniiTe atillosi;here i ~ ?  crdar to  derive 
expressions for the correlation function and the spectrum of the intensity 
fluctuations of starlight (Reference 5 ) .  The shape of the refractive -index 
spectrum was assumed to be constant along a ray path, bat the magnitude 
of the fluctuations was allowed to vary with altitude. 
ment between typical airborne measurement of refractive -index fluctuations 
and the magnitude of the refractive-index fluctuations required to account 
fo r  the observed stellar scintillation data. 

There w a s  good agree- 

- 3 -  
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Atmospheric refractive index distributions were observed by a i rc raf t  
Over Japan for ten-day periods in the spring, summer and winter at eleva- 
tions up to 3 kilometers by utilizing an airborne microwave refractometer 
(Reference 6). It was found that the seasonal fluctuation i n a n 2  was so 
smaii that the ratio of AnL in July to P n 2  in February was only 8 decibels 
a t  most. Invisible refractivity clouds (characterized by several  n-unit devi- 
ations) were detected during one-third to one-fifth of the flight paths during 
summer and winter. 

-.3 

The broadening of the spectral  width of an electromagnetic wave 

The change in the frequency due to time- 
passing through a medium with a randomly fluctuating refractive index is 
considered in Reference 7 . 
dependent fluctuations was studied by neglecting polarization and assuming 
that the scale of the fluctuations in space and time, respectively, a r e  great  
compared to the wavelength and the time of oscillation of the fields. In 
addition, a monochromatic plane wave, traveling orthogonally through an 
infinite slab of a fluctuating medium, was assumed; by considering the 
fluctuations and the thickness of the slab to be small, a perturbation method 
was used. 
quency distribution of the outgoing wave was determined. 

The ensemble average of the mean-square deviation of the f r e -  

A technique for determining the vertical  structure of atmospheric 
turbulence by utilizing balloon flights is described (Reference 8). A camera,  
pointing upward and mounted at the bottom of a string of 25 balloons, one 
above the others, photographed any distortions of the string due to atmos- 
pheric currents.  The temperature also was measured. The associated 
change in refractive index i s  in good agreement with the theory of stellar 
scintillation, it is reported. 

A means was developed for determining abtronomical seeing by 
utilizing a reticle, consisting of a fine grid, placed in the focal plane of a 
telescope and recording the transmitted light with the aid of a photomulti- 
plier and recorder (Reference 9). Any wandering of the image because of 
seeing conditions provides an a-c output f rom the photomultiplier. 
grid was  made with two crossed Ronchi gratings having a lattice with holes 
slightly smaller than the minimum size of a star image. The mean ampli- 
tude of the photomultiplier signal appeared to correlate  with visual 
estimates of seeing conditions. 

The 

Spatial spectra of temperature fluctuations in the atmosphere were 
obtained by aircraft  and tower measurements (Reference lo) ,  and it is 
reported that the spectra in the 1000- to 3000-meter altitude range shows 
a clear power low dependence on wave number, with an exponent close to the 
5/3 predicted by the Kolmogoroff-Obukhoff theory. A t  small  wave numbers, 
the exponent deviated considerably from 5/3. 

- 4 -  
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An expression is derived for a correlation function of the diffraction 
image formed by a paraxial focusing system subject to any fluctuations in 
the incident wave and to any ratio between the dimensions of the system and 
the correlation radius (Reference 11). 

The limitation in the image quality of a large telescope due to atmos- 
pheric turbulence is pointed out in Reference 12. Although capable of 
yielding an essentially normal Airy disc, the atmospheric turbulence can 
spread out the image to the extent that the central maximum of the diffrac- 
tion pattern can increase ten times. 

A modulation index was developed (Reference 13) based on a series of 
experiments which studied the effect of turbulence on the transmission, 
near the ground, of visible and infrared radiation. This modulation index 
was defined as the normalized mean-square value of the fluctuation of the 
intensity of the detected radiation. 
modulation index on the diameter of the entrance aperture of the radiometer- 
receiver is such that it var ies  inversely a s  the diameter. 

It was found that dependence of the 

The variation of turbidity with the time of the year ,  with air mass, 
and with latitude i s  presented in Reference 14, along with a summary of 
earlier determinations of a turbidity coefficient and a method of determining 
the wavelength dependence on the extinction by atmospheric aerosols. 

Statistical data on the distribution of the turbidity factor at Karadog 
were analyzed in relation to vertical transparency for a measurement 
period of three years (Reference 15). 

The correlation between t and u (turbulence angle and mean square 
deviation of image motion) w a s  considered (Reference 16). 

The probability of receiving light from an object viewed through a 
turbulent atmophere was shown to follow a normal Gaussian distribution 
(Reference 17). The root-mean-square angular deflection of the points 
of any object were shown to be proportional to the square root of the 
object to observer distance. 

An experimental apparat-~s is described which makes it possible to 
measure quantitatively the spatial coherence of various kinds of laser 
beams. The numerical values obtained for the spatial coherence of a 
helium-neon i a se r  arau ’ - - - -- ----*+nrl ArrY* ..__ (Reference ,---- 18). 

0 

The noise spectrum of a horizontally polarized 6328A laser beam 
over a 120-meter path was measured (Reference 19), and it was reported 
that the shape of the noise spectrum i s  unchanged when all of the detectable 
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beam is received. 
of the transmitted beam or changes in transmission distance did not affect 
the spectrum. 

Similarly, changes in diameter or  geometrical divergence 
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SOME ADDITIONAL CLOUD TOPICS RELATED TO LACE 

CLOUD DISTRIBUTION CONSIDERATIONS 

The f i r s t  problem posed by clouds is how laser  light propagates in 
them. 
and angular spread of the beam to  the composition, structure,  shape, tur-  
bulence, and thickness of the cloud. 
clarify the capability of laser  communications systems through clouds and 
the resulting limitations placed on methods of signal transfer. 

It concerns the relationship of the intensity, coherence, polarization, 

The answers to this problem should 

The second problem, which depends on the answers to the first, is 
how to avoid all or certain types of clouds. It concerns the statistics of 
cloud cover, heights, and thickness as a function of types. The answers 
should indicate the relative advantages of different station locations and the 
increased probability of getting through if alternate stations a r e  available. 

The main purpose for the analysis of these data was to gain insight 
into the gross aspects of cloud-cover implications of the location of laser  
experimental sites. 
questionable for LACE. 
wil l  be devoted to determining exactly what cloud statist ics are needed for 
implementation of the experimental program, and attempt (within the scope 
of contractual resources) to  obtain as much as possible of the required 
statistics f rom the available data. 

The usefulness of these data beyond this point appears 
During the course of Task III, however, study 

London (Reference 201, in a study of the atmospheric heat balance, 
summarizes the percentage of sky cover by all clouds and by certain types 
a s  function of latitude and season in the Northern Hemisphere. 
are quoted in Tables 1 through 5 .  

His results 

According to Table 1, the minimum cloud cover occurs around 20W 
in the winter, moves north to about 30" in the summer,  and then retreats 
as winter approaches again. 
during the winter. A maximum exists around 5 5 %  in the winter, moves 
to  about 70W by late summer, intensifying all  the while, and then retreats  
and weakens as winter approaches again. 

. .  
A weaker I x i i i i i X A - s i i i  O C C U ~ S   ear the pole 

Of course, detail has been lost in the averaging process. London 
indicates some of this detail by plotting total cloudiness on polar projections 
of the Northern Hemisphere. 
extremes range from 10 percent over the Sahara Desert  to 85 percent over 

A study of the winter map reveals that the 

- 7 -  
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Table 1. Percentage of Sky Cover by A l l  Clouds 

Latitude ( W )  

0- 10 

10-20 

20-30 

30-40 

40 -50 

50-60 

60 -70 

70-80 

80 -9 0 

Northern Hemisphere 
Average 

Winter 

47 

36 

38 

50 

59 

63 

58 

47 

40 

47.9 

April 

51 

42 

42 

52 

59 

62 

60 

59 

55 

51.3 

Summer 

54 

49 

42 

41 

55 

63 

66 

69 

64 

52.0 

October 

53 

48 

41 

46 

56 

66 

70 

70 

60 

53.0 

Year 

51. 2 

43.8 

40.8 

47.2 

57.2 

63.5 

63.5 

61.2 

54.8 

51. 1 

Table 2. Average Amount (’$0) and Height (km) of Cloud Types - Winter 

Latitude 
( W )  

0- 10 

10-20 

20-30 

30-40 

40 - 50 
50-60 

60-70 

70-80 

80-90 

Ci 
‘$0 km 

18.6 9.6 

13.2 10. 1 

13.9 10.2 

17.4 9.7 

19.7 8.0 

20.9 7.1 

18.4 6.8 

13.0 6.8 

10.0 6.8 

AS 
70 km 

7.0 4.2 

5.0 4.4 

6.0 4.3 

7.’8 3, 8 

11.2 3.0 

13. 1 2.5 

11.0 2.3 

8.8 2.2 

7.8 2.0 

Ns 
‘$0 km 

7.0 1.4 

3.8 1.6 

4.6 1.6 

8.8 1.4 

12.6 1.2 

14.6 1.0 

13.8 0.9 

10.6 0.8 

8.7 0.8 

St 
70 km 

7.2 1.4 

6.2 1.6 

8.8 1.6 

14.0 1.4 

18.4 1.2 

19.8 1.0 

17.8 0.9 

13.6 0.8 

11.4 0.8 

~~ 

c u  
70 km 

13.8 1.7 

10.9 2.0 

9.8 2.0 

10.4 1.6 
10.2 1.6 

9.24 1.2 

9.2 1.2 

7.8 1.0 

6.8 1.0 

Cb 
‘$0 km 

2.2 1.7 

1.1 2.0 

0.9 2.0 

0.9 1.8 

1.4 1.6 

1.3 1.2 

1.2 1.2 

1.0 1.0 

0.8 1.0 

- 8 -  
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Table 3. 

Latitude 
( W) 

0- 10 

10-20 

20-30 

30 -40 

40-50 

50-60 

60-70 

70-80 

80-90 

Table 4. 

Latitude 
( W) 

0- 10 

10-20 

20-30 

30-40 

40-50 

50-60 

60-70 

70-80 

80-90 

Average Amount (Yo) and Height (km) of Cloud Types - Spring 

Ci 
70 km 

23.6 9. 1 

18.5 9.4 

17.8 9.8 

22.8 9.6 

24.6 8.7 

25.8 7.5 

24.4 6.6 

23.4 6.1 

21.7 5.7 

A s  
70 k m  

7.3 3.6 

6.5 3.8 

7.0 4.0 

9.0 4.2 

12.0 3.8 

13.4 3.3 

10.3 2.9 

8.9 2.6 

7.8 2.4 

Ns 
70 km 

6.1 1. 1 

3.6 1.2 

3.8 1.4 

6.8 1.6 

9.3 1.3 

12.2 1.0 

14.3 0.8 

16.0 0.7 

15.5 0.6 

St 
Yo km 

7.0 1. 1 

6. 1 1.2 

7.1 1.4 

11.6 1.6 

16.5 1.3 

17. 1 1.0 

14.0 0.8 

13.5 0.7 

13.0 0.6 

c u  
70 km 

~ 

12.7 0.9 

10.0 1.0 

9.5 1.3 

9.3 1.7 

8.3 1.6 

7.5 1.4 

9.3 1.2 

9.0 1. 1 

7.5 1.0 

Cb 
YO km 

4.7 0.9 

3.9 1.0 

3.4 1.3 

3.6 1.7 

3.6 1.6 

3.5 1.4 

3.1 1.2 

2.5 1.1 

1.5 1.0 

Average Amount (YO) and Height (km) of Cloud Types - Summer 

Ci 
Yo km 

23.0 10.2 

19.6 10.6 

15.6 10.8 

13.6 10.4 

17.8 9.2 

21.9 8.0 

26.4 7.5 

30. 1 7.2 

25.2 7. 1 

As 
70 km 

8.1 3.8 

7.0 4.0 

5.9 4.1 

7.0 3.9 

8.8 3.2 

11.0 2.6 

11.8 2.4 

12.6 2.1 

11.0 2.1 

~ ~ 

NS 
Yo km 

7.5 1.1 

6.0 1.4 

3.7 1.8 

5.2 1.8 

9.0 1.6 

11.9 1.2 

13.0 1.0 

13.8 0.8 

12.6 0.8 

St 
YO km 

7.2 1.1 

7. 1 1.4 

8.0 1.8 

10.0 1.8 

16.9 1.6 

19.6 1.2 

19.8 1.0 

20.5 0.8 

18.8 0.8 

70 km % k m  

13.5 1.4 

12.7 1.7 

11.8 2.0 

8.9 2.0 

8.9 1.9 

9.2 1.8 

9.8 1.6 

10.0 1.4 

9.5 1.4 

6.0 1.4 

5.4 1.7 

3.6 2.0 

3.4 2.0 

4.4 1.9 

4.9 1.8 

4.8 1.6 

4.8 1.4 

4.2 1.4 

- 9 -  
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Table 5. Average Amount (YO) and Height (km) of Cloud Types - Fall 

Latitude 
( W) 

0- 10 

10-20 

20-30 

30-40 

40-50 

50-60 

60-70 

70-80 

80-90 

Ci 
70 km 

24.7 9.2 

21.2 9.6 

16.7 10.1 

18.7 9.7 

21.7 8.8 

28.3 7.8 

32.5 6.7 

34.1 5.9 

25.0 5.3 

As 
70 k m  
- 

7.6 3.8 

7.0 4.1 

6.4 4.4 

7.6 4.2 

11.8 3.8 

14.9 3.3 

14.4 2.8 

14.2 2.4 

10.2 2.2 

Ns 
'70 km 

7.1 1.0 

5.5 1.1 

3.7 1.3 

5.4 1.5 

8.8 1.3 

13.8 1. 1 

19.0 0.9 

20.5 0.8 

19.0 0.7 

- 10 - 

St 
% km 

7.5 1.0 

6.9 1. 1 

6.8 1.3 

9.6 1.5 

15.3 1.3 

18.0 1. 1 

16. 1 0.9 

15.5 0. 8 

13.5 0.7 

c u  
70 km 

11.8 0.9 

10.5 1.0 

9.6 1.3 

9.8 1.6 

8.0 1.4 

7.8 1.2 

8. 5 1, 1 

7.5 1.0 

5.5 0.9 

Cb 
% km 

5.6 0.9 

5.7 1.0 

4.0 1.3 

3.7 1.6 

3.7 1.4 

4.0 1.2 

3.8 1. 1 

3.0 1.0 

1.5 0.9 

S D  65-1084 



northern Scandanavia. Considerable longitudinal variation exists. A t  about 
70" N, one can move westward from the maximum of 85 percent to  a mini- 
mum of 30 percent in northern Canada, which is the northernmost minimum, 
being not right at the pole. Likewise, one can move eastward at 20" from 
the minimum of 10 percent to a maximum of 60 percent at 125 W. 

Tables 2 to 5 combine data and certain assumptions made partly for 
convenience and partly because of a lack of data. 
grouped together under Ci; all middle clouds a r e  represented a s  As; and 
s t ra tus  and stratocummulus a r e  both represented a s  St. 
Cu, and Cb represent nimbostratus, cumulus, and cumulonimbus, respec- 
tively. 
bases of St and Ns have been assumed to be the same; and the tops of N s  
have been assumed to be the same as the bases of As. Lastly, middle and 
high clouds were assumed to be present in the proportion in the par t  of the 
sky shielded by low clouds as in the observable portion. 

A l l  high clouds are 

The symbols Ns ,  

The bases of Cu and Cb have been assumed to be the same; the 

AN ANALYSIS OF LASER TRANSMISSION THROUGH A CLOUD 

When light is described in its particle o r  photon form, the diffusion 
equation can be used to calculate the scattered (and direct)  intensities. 
This has  been done by Fr i tz  (Reference 21). 
clouds that contain water particles which have a scattering function sharply 
peaked in the direction of forward scattering. 
matches experimental data (Reference 22) quite well. 
tions the incident flux was assumed to be plane wave and infinite wi th  some 
arb i t ra ry  incident angle 8 (0"s 9 5 90q. According to Fri tz ,  these calcu- 
lations a r e  in fair agreement with some measured values. The results 
would be applicable to  laser  propagation through clouds when the cloud 
cover was extensive and the ratio of cloud thickness to the spatial spread 
of the laser  beam was small. This would occur for down-link (space-to- 
ear th)  propagation or  fo r  earth-based systems having very wide beam 
angles 

His calculations a r e  for 

Such a scattering function 
F o r  these calcula- 

Figure 1 is based on Fritz's work and gives the transmittance of 
cloudsT (T) 
The transmittance times the incident intensity on the cloud gives the 
intensity exiting from the cloud. 
f ac t  is used that in the frequency range of 0.4 - 0.7 microns,  the particles 
are nonabsorbent, so that all  the energy is scattered (Reference 23). 

versus the cloud's optical thickness for three zenith angles. 

In calculating the transmittance, the 

The intensity of light exiting from the cloud is composed of both 
d i rec t  and scattered light. If the original beam incident on the cloud was 
spatially coherent, the direct  beam exiting from the cloud also wil l  be 
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Figure 1. Cloud Transmittance vs Optical Thickness 
for Three Zenith Angles,  8 
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coherent. 
not known. 

The scattered portion may have partial coherence but the degree is 
The exiting transmitted light is 

e 

where 

It 

0 
I 

I 
8 

T 

e 

- TIC08  e 
+ Is It = Ioe 

is the total light intensity 

is the incident light intensity 

is the scattered light 

is the optical thickness of the cloud 

is the angle of incidence measured to the vertical. 

The te rm Ioe-T/coS8 pertains to the par t  of the transmitted light that 
is still coherent. Defining Icoh = Io e-T/coS8 Equation 1 becomes 

This ratio is plotted versus T and 8 in Figure 2. 

The optical thickness, T , is related to the extinction coefficient p 
and the cloud thickness e by T = P  2.  

and 4. 
size and density distributions (Reference 22). 
density of 100 drope per cubic centimeter, a mode radius of 0.70 micron, 
the extinction coefficient i s  around 16 km'l. Experimental data (Reference 24) 
gives for dense fog, a 
would give a P between 1 km-1 and 100 kmmf depenahg on droplet distribution. 
The graph shows values of p < 1 for  convenience, The thickness of cloud: 
var ies ,  but averages of about 200 meters  for alto-cumulus and 2000 meters  f o r  
cumulo-nimbus a r e  found (Reference 25). Using these faciEl  cze finds that 
fo r  thin, low density ( p  I 1 km-1) cloudsI 
indicating that the majur pzr t  nf the transmitted light i s  still  coherent. On 
the other hand, for fairly dense clouds ( p I 16 km-i j oi-aqerzge thickness, 
200 m, 

This relation is plotted in Figures 3 
The value of 0 has been calculated using measured values of droplet 

For  a cloud with an average 

p of 13-16 km-1. A ood estimation of the range of p 

T will be on the order of 0.2, 

= 3 and the majority of transmitted light i s  scattered. 

The lack of experimental data from which p and e could be found for  

However, the curves do give values which seem reasonable. 
various cloud types limits the usefulneRs of the curves in judging the transmittance 
of each cloud typ.e. e 

- 13 - 
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THEORETICAL CONSIDERATIONS O F  TEMPORAL VARIATIONS 
OF A PROPAGATING WAVE 

This section summarizes the work completed on the analysis of wave 
propagation through random media, and discusses the applicability of this 
theory to the prediction of the time-power spectrum of the amplitude and 
phase fluctuations of a propagating wave. A more complete discussion of 
the mathematical theory has been prepared by the Electro-Optical Labora- 
tory in the ser ies  of Technical Memoranda 176, ltPropagation of a Focused 
Laser  Beam Through a Turbulent Atmosphere, I t  224, "Means, Variances, and 
Covariances for the Propagation of Laser Beams Through a Turbulent Atmos- 
phere, 
Optical Heterodyne Signal with Random Wave Front Distortion. 
technical memoranda a r e  contained in Appendixes A, B, and C, 

and 118-A, "Theoretical Evaluation of the RMS Fluctuation of an 
These 

These studies a r e  primarily concerned with the mathematics associ- 
ated with the determination of the statistical behavior of an initially coherent 
beam of focused laser  light propagating through a continuous random media 
which, while isotropic, is characterized by having a random point function 
for refractive index. Wave propagation through such a random medium is 
governed by a stochastic linear differential equation, the coefficients of 
which characterize the transmission medium. 
wave equation is obtained by means of an iteration scheme. 
properties of the solution are then computed (vie., spatial correlation and 
structure functions, variance, and mean values of the logarithm of the 
relative amplitude and phase fluctuations of the wave function). 
have been kept sufficiently general by considering a focused laser beam 
parameterized with such quantities as initial spot diameter, beam spread, 
and an arbi t rary radius of curvature of the focused wavefront as would be 
produced by the action of an ideal lens. The formulas, therefore, contain 
as limiting subcases the results of previous analyses for the plane wave 
and spherical wave (point source). 

Y 

The solution to the stochastic 
The statistical 

The analyses 

Wave propagation in a continuous ran2orr: z e d l a  r ~ z y  he described by 
the wave function u ( 3 ,  a solution of 

- 17 - 
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Lf it is assumed that the fluctuation of the index of refraction a t  the 
- 4  

p o i n t z a t  time t i  coincides with itself at  the point ro - vt a t  the time 
t2 = t l  t t, then 

I 

Hence the time -dependent autocorrelation function is given again by 
equation(9)exc~p4,tha~ Q(u1must be A modified 3 so  as to include the effects of 
wind velocity v,(r) = v t vt, where vn and vt are the normal and tangential 
components of v, respectively : n 

2 

where it can be shown, 

t o o  
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d 

If it is assumed that vn is  independent of a displacement o f T a s r ' s p a n s  
any plane normal to the direction of propagation (i. e. ,  vo = v, (zo) a function 
of path length only), then we may replace Cn (7 - Ct) by 

- -  

whence 

+ a  

A 2  

= exp (i vnt) Q (u) 

Substituting Equation 18 into Equation 15 gives 

Z t00 

Performing the angular part of the d; integration gives 
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We now compute the frequency (time) spectrum Of the lOg-ampli&de 
Denoting the spectral  density of the fluctuation by fluctuation of the wave. 

WL (o), we have by definition 

Using the result 

together with Equations 20 and 21, we obtain 

IJ 

12  0 J I (u-2 v, 2-.2) 
I w/v 

2 2  
WL (0) = -7 k Re 

0 

Further work in this a r e a  can be directed toward simplifying and 
evaluating the integrations appearing in Equation 23 for various physical 
situations of interest, toward considering the relationships between W 
and the spectrum of the intensity fluctuations, and, finally, toward 
considering the spectrum of the fluctuation of the signal collected by a 
large -diameter collector 

L 
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COMPARISON OF VARIOUS PROPAGATION ANALYSES 

Numerous analyses of optical propagation have been performed by 
various workers with varying degrees of sophistication. This work has 
ranged f r o m  a discussion of the possibility that stellar scintillation is a 
purely physiological effect generated at the retina of the observer,  to  
analysis of the propagation of the mutual coherence function under the 
assumption of the validity of the Kolmogoroff similarity theory of turbulence. 
It is the intent of this section to review briefly some of this work and show 
that there is a high degree of compatibility between the various results. 
Some of the compatibility is, in a sense, fortuitous. Where serious dis- 
agreement exists it has been described, and an attempt has been made to 
justify a choice between conflicting results. 

Rather than attempt to  review all the work which has been published 
in the analysis of optical propagation, the work of only a few persons has been 
treated in detail. 
to  provide broad coverage of a l l  interesting approaches. 
classifications of work have been considered according to the approach: 
(1) solutions based on Rytov's method, 
(3) r ay  optics; (4) two-level (tropopause, ground layer)  generating mechanism, 
and (5) Born approximation. 

It is hoped that a suitable selection has been made in order  
The following broad 

(2) propagation of mutual coherence, 
0 

The order of these items is more  or l e s s  the order  of relative signi- 
ficance of the approach. 
is considered of Tatarski (Reference 26), Chernov (Reference 27), and that 
of Fried, et a1 (References 28 and 2 9 ) .  
the second approach is the work of Hufnagel and Stanley (Reference 30). As 
examples of the ray  optics approach, the third group, the work of Bergmann 
(Reference 31) is considered for amplitude and phase effects, and of Duntley 
et a1 (Reference 32) for  a slightly different view of phase effects. Of all the 
work that has gone into interpreting stellar scintillation as being due to  a 
thin turbulent layer at about the altitude of the tropopause - which idea goes 
back to Rayleigh (Reference 33j-andioss of r e s d c t i n n  as due to ground layer 
turbulence, the work of Barnhart (Reference 34) and co-workers is perhaps 
more  interesting than most. 
hoc model building, Barnhart arternpis experizxentzl verification. The fifth 
approach, the Born approximation is so poorly suited to  the problem that, 
rather than discuss any worker who has made a serious attempt to u s e  this 
approach, Tatarski 's  work will be considered, where he goes through the 
analysis just  to point out i ts  inapplicability. 

As examples of the first approach, the work 

The single most important example of 

While most of the aforementioned work is ad 
- 

I 
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RYTOV'S METHOD 

Rytov's method i s  based on starting with Maxwell's equation in scalar  
fo rm with the inhomogeneity and recasting it as an equation in the complex 
phase, which represents the phase and log-amplitude corrections to the 
unperturbed wave function. The key to Rytov's method is the dropping of 
t e rms  quadratic in the refractive index correction and quadratic in the first 
derivative of the phasor. Chernov uses the solution to this equation directly 
and obtains an integral expression for the statistics of the complex phasor. 
This i s  the same method used in the original work on LACE, The difference 
in NAA's work is centered on the evaluation of multiple dimensional integrals. 
Chernov has t o  restrict  attention to horizontal paths to suppress a dependence 
and simplify an integration; NAA used "steepest descent" techniques, per- 
mitting nonhorizontal paths to be considered but raising problems of the 
validity of asymptotic ser ies  results. 
Chernov but immediately returns to  the differential equation (having used the 
solution only to justify an approximation involving dropping one of the t e r m s  
in the differential equation fo r  the phasor) and then studies the differential 
equation by means of a Fourier -Stieltjes integral. After sufficient mani- 
pulation, Tatarski a r r ives  a t  useful expressions for the statistics of the 
phasor. Of the three, only Tatarski  provides really useful expressions for 
log-amplitude statistics f o r  all propagation path lengths, while only Tatarski 
and NAA-S&ID provide useful results for the phase fluctuation statistics. 
The differences among the three a re ,  however, merely those of the degree 
of completion of integral evaluation, There is no rea l  contradiction between 
the results of any of the workers using Rytov's method. 

Tatarski uses the same solution as 

At an early point in all of the above wbrks the assumption is made that 
what happens at an angle far off the straight-line propagation path can con- 
tribute and that the 'lsmall angle approximation" can be made, In a recent 
work (Reference 35) a spectral  domain technique was used to solve the 
differential equation f o r  the complex phasor (after making Rytov's 
approximation but avoiding the explicit spatial solution) and the small 
scattering angle approximation was able to be eliminated. 
point in the computation, the mathematical approximation was made instead 
that the wave number of the radiation is large compared to the highest 
significant wave number of the turbulence, This, however, is  just  a matter 
of clearing up details. The re'sults are identical to Tatarski 's .  

At a fairly late 

It is  our belief that results obtained by a rigorous application of 
Rytov's method are  correct. 
plane wave (explicitly the phase and log-amplitude correlation functions), 
the results as presented by Tatarski can be considered a standard against 
which other results may be judged, The use of the Kolmogoroff hypotheses 
for data on the turbulence spectrumis sufficiently well established that any 
use of l e s s  sophisticated turbulence models (such as a Gaussian correlation 

F o r  statistics of propagation of an infinite 
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function fo r  turbulence) is wasted effort. 
i s  placed on Some of Tatarski 's  results as well as on equivalent results of 
NU. It is not felt that any of the above works represents  a significant 
contribution to  the problem of propagation of anything other than an infinite 
plane wave, as for example, a collimated finite diameter beam. In this 
regard,  the somewhat incomplete work of Schmeltzer (Reference 3 6 )  is 
r e  commended. 

For  this reason, special emphasis 

To recapitulate comments on Rytov's methods, faith is  maintained in 
the general accuracy of the results and the general agreement of the results 
of the several  workers using this method. Though some of the many details 
obtained by Tatarski are  questioned (and a completely revised and condensed 
text is recommended), many of his results may be used as standards against 
which to judge all other approaches. 

PROPAGATION OF MUTUAL COHERENCE 

Hufnagel and Stanley have taken the approach that ra ther  than t r y  to 
solve the inhomogeneous Maxwell's equation and compute the propagation 
statist ics f rom the solution, they will modify the equation s o  that it becomes 
a differential equation in the statistics. 
mutual coherence function which they solve. 

They obtain an equation for the 

Utilizing the Kolmogoroff similarity hypotheses , and applying the cen- 
tral limit theorem to justify treating the random variable as a Gaussian 
variable, they find that the mutual coherence function M ( p )  i s  given a s  

M ( p )  6 exp {-1/2 [ 2 .  91P 5'3k2 path S d A  C i  ( A ) ] }  
(24) 

2 
where CN is the turbulence structure constant, k is the wave number, and the 
integration is over the path of propagation. 
lent to the result 

This will be shown to be equiva- 

taken f rom Equation 7. 98 of Tatarski'a work. 
amplitude structure function, and Ds ( P )  is the phase structure function. It 
will be assumed that Gaussian distributions are  applicable to phase and log- 
amplitude fluctuations, 

Here DA (P) is the log- 
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Let V1 and V2 denote the wave functions at  points 1 and 2, and let  1, 
be the distance between these points. 

and 1, and +l and 
Let 

denote the log-amplitude and phase at these points. 2 

Then 

V I  = exp(ikz)exp(el t i9,) 

Let 1 denote the average value of ,& and of e,. Then 

Now the exponent is a Gaussian random variable with zero mean. 
been shown (Reference 3 7 )  that under this condition 

It has 

Simple manipulation, noting such facts as that < e 2 > is equal toc+Z / 1 >  
yields the result, 
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It has  been proven elsewhere (Reference 37) that  

- - 2  c* ( 0 )  t e-1 s 0 

i f  the log-amplitude has  a Gaussian distribution. Consequently, 

It i s  now apparent,  comparing this with equations 24 and 2 5 ,  that Hufnagel 
and Stanley 's  resul t  i s  i n  per fec t  agreement  with those obtained by Rytov's 
method and that Hufnagel and Stanley's resu l t  may be considered a s  a subcase 
of T a t a r s k i ' s  resu l t s .  

h this regard ,  i t  i s  interesting to reca l l  that Hufnagel and Stanley have 
questioned the accuracy  of Rytov's method. 
against  this (Reference 38) . NOW, i t  is interest ing t o  note that the i r  r e su l t s  
a l so  a rgue  against this.  In fact ,  considering the question in point, some 
ra the r  interesting conclusions can be drawn, The question was whether one 
i s  justif ied i n  dropping the t e r m  quadratic in the f i r s t  derivative of the com- 
plex phasor .  
along with that t e r m ,  the term q m d r i t i c  i~ the r e f r a c t i v e  ind .ex  fluctuation, 
and the  two t e r m s  cancelled to one higher o r d e r ,  
dropped out the la t te r  t e r m  alone. 
magnitude, the same  argument  should apply against  dropping ei ther  separately 
(but not against  dropping both), Yet, dropping only one t e r m ,  Hufnagel and 
Stanley a r r i v e  at  the s a m e  resul t  a s  i s  obtained by dropping bo&. l i p p d r t : u u y ,  
the problem i s  very  insensit ive to this type of approximation, 

NAA has  previously argued 

We showed that this could be justified since we dropped, 

Hufnagel and Stanley have 
Since both t e r m s  'nave the saiilt: ui-der  of 

,, 

The paper  bv Bergmann s ta r t s  with the e i k u r d  equation, the s tandard 
s t s r t ing  point for the geometr ic  or r a y  optic approach. 
appears  ent i re ly  r igorous,  once the applicability of the eikonal equation is  

The procedure 
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granted. 
phase var iance  is 

Bergmann (Reference  31, Equation 44) obtains the resu l t s  that the 

m 

BA (0) = 1 / 1 5  L3 Jv2v BN ( p )  dp (34) 
0 

If we examine T a t a r s k i ' s  r e su l t s ,  and r e s t r i c t  attention to shor t  
distance propagation S O  that  the r a y  optic approximation can be considered 
valid, i. e . ,  L small, we can obtain good agreement  with Bergmann's  results.  

Starting with T a t a r s k i ' s  eqliation 7. 63 

and 1.etting L be small 

m 

B, ( 0 )  27  2k2L J2 ( T )  d c  (36) 
0 (5 sma l l )  

Sin c c 

and 

1 s in  (UP) dcr = - 
0 P P 

i t  can be seen that T a t a r s k i ' s  w o r k  can be reduced to 
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in perfect agreement with B e r g m a w  fo r  short  propagation paths. 
propagationpaths, Tatarski  (Reference 26, Equation 7.65) obtains the resul t  that 

F o r  long 

which differs f rom Bergmann's result only by a factor of two. 
of-two e r r o r  will be found in all ray optic treatments. 
of this factor, ray optic treatment of phase fluctuation can generally be 
trusted. 
self-justifying. It is justified by its agreement with the more  accurate 
Rytov' s method solution. 

This factor- 
W i t h  the exception 

It should be noted, however, that the ray  optic method is not 

In the case of log-amplitude fluctuations, it will be seen that the ray 
optic treatment gives a result, which can be derived in the limit of small  L, 
f rom the more  exact result  of Rytov's method but is, none the less, not a 
very good approximation to  what is needed in most  cases. 
Tatarski 's  Equation 7. 62 

Starting with 

(41 ) 

T2L 

k 
BA (P )  = 2 TT 'k2L J o  (cr P) (l - - 

T2L 
0 

and letting L be small ,  a power se r i e s  expansion can be used for sin (r:), 
giving 

Again using the definition 
and noting that J u 4  QN (u) 
faN (cr) du corresponds 

implies that 

of ON (u) in terms of BN ( P )  a s  a Fourier  t ransform 
du corresponds to v2V 2 BN (P), just  as 
to  BN (P), it can.be seen that Tatarski 's  result  

which is in agreement with the fo rm of Bergmann:s i -eadt  hut disagrees 
slightly in the coefficient, Even more  obvious agreement with Bergmaw' s  
results can be seen by referring to Reference 28, Equation 19  of Section V, 
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7 - 
0- T 

k 
-'<< 1 

Since 

k = 2 i / x  

and we must  consider values  of (r as large a s  

0 - =  Z y f  0 

(44) 

145) 

(4 6 

 here l o  is the i n n e r  sca le  a i  turbulence, charac te r i s t ica l ly  less than GEF: 

cm,  then 

L << 30 me te r s  ( A =  2. 5 m i c r o n s )  (47) 

Outside this range,  a s  we have shown (Reference 28), the resu l t s  a r e  
not even a good approximation to the co r rec t  resirl ts ,  It i s  shcwn the re  tha: 
the equivalent of the r ay  optic resul t  mus t  be considered a s  the f i r s t  t e r m  of 
an asymptotic s e r i e s .  That i s ,  the total s e r i e s  diverges ,  but the f i r s t  few 
t e r m s  may be a good approximation t o  the resul-c sought. 
been shown that f o r  l a rge  L even the f i r s t  t e r m  i s  par t  o f  the divergent,  
r a the r  than the good approximation part  of the s e r i e s .  
of the resu l t  may fur ther  b e  seen by c.Gnsidering tnt  facr: that  

Howe7Jer; i t  has 

'The nonsignificarice 

1 ., ,, is v e r y  strongly a iuncticsz or tne inner scaie oi Lurbuience, i o  , wl i l l c  
a ccu ra t e  resu l t s  presented  by Tatarskl  indicate that BA ( 0 )  i s  independent 
of lo. - q s o ,  the c o r r e c t  valGe of BA ( 0 )  i s  pr9portia-n-a; t o  L to  ttie 
eleven- sixths power,  compared to the third (eighteen- s ix ths)  po\ver of 
Bergmaim's  result .  

WE. cnnclude  therefore ,  that ray  optic methods can  probably b e  t rusted 
to  provide a good approximation to phase prcblems bu t  nct  t o  arr.pliti*de 
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problems. 
distortion (a phase effect) we would expect a ray optic t reatment  of optical 
resolution through the atmosphere to  give good results. 

Since optical resolution is principally a function of wavefront e 
Duntley, et  a1 (Reference 32)  treated the resolution problem by r ay  

optics and concluded that the image of a point source willshow an angular 
spread with a Gaussian distribution and a standard deviation which increases  
as the square-root of the propagation path length. Taking the t ransform of 
the spread function, the atmospheric modulation function is obtained, which 
f r o m  Duntley's result we conclude should also be Gaussian with a standard 
deviation that increases a s  the square-root of the propagation path length. 
Taking the t ransform of the spread function, the atmospheric modulation 
function i s  obtained, which f r o m  Duntley's result  it is concluded should be 
Gaussian, with a standard deviation that varies inversely as the square-root 
of the path length. 
so that there is no point in trying to relate the proportionality constant of the 
standard deviation to atmospheric turbulence parameters.  ) F r o m  Hufnagel' s 
results on image statistics, it i s  known that the atmospheric modulation 
t ransfer  function is equal to  the mutual coherence of the wave evaluated at 
a separation p equal to the wave length, X , t imes the image spatial frequency, 
f. 

(The treatment given in Duntley's paper is crude enough 

As shown previously, the mutual coherence is equal to 

where the structure functions have a sum equal to 

2. 91 k2  ( X f )  5/3 I C N '  dA 

path 

The atmospheric modulation transfer function can then be written as 

exp { -  3 . 4 4  (x)5'3} X f  

where ro i s  defined as 

Tt is obvious that re is inversely proportional to the path length to the minus 
three-fifths power. To compare this result  with Duntley's , the approxima- 
tion is  made that the five-thirds power can be replaced by six-thirds, so that 
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an image transfer function which was Gaussian in frequency would be expected, 
as  Duntley predicts. But the standard deviation would now be expected to vary  
inversely with the three-fifths power of path length, ra ther  than the one-half 
power that Duntley predicts. 
Duntley's result can be accepted as within the expected reliability of a geom- 
etr ic  optic approach to the problem (i. e . ,  it is  not exact, but also not 
seriously in error).  

These differences in power are small, and 

To seek the source of the difference in power, it is necessary only to  
note Duntley's analysis, working in the geometric optic approximation, is 
essentially equivalent to a short  propagation path so  that Ds (p) >> DA (p). 
Furthermore,  the method of ray  tracing Duntley uses  is  equivalent to 
assuming that the inner scale of turbulence eo is fairly large. This is 
necessary for  the ray Duntley t races  to maintain its integrity (i. e . ,  it 
wanders but it doesn't spread). As shown in Reference 39 for values of 
P c e,, the phase s t ructure  function, Ds (P), is quadratic in P . Tatarski 
(Equation 6.64 on page 151) indicates the same result ,  
Duntley's result is compatible with, but only an approximation to, the 
more  exact results obtained by Rytov's method, 

It can be seen that 

TW 0-LEVEL GENERATING MECHANISM 

It has been reported that optical resolution of a tracking system can be 
markedly improved by raising the system several  meters above the ground 
(Reference 40). 
to.the ground can produce severe effects on optical propagation. 
no reason to question this conclusion; such ground effects are unusually 
strong, compared to  turbulence in the res t  of the atmosphere, but any well 
designed optical system will be raised above these effects. 
been suggested (Reference 33)  that a turbulent layer at the tropopause is 
responsible fo r  stellar scintillation. 
data suggest that the scintillation-generating mechanism is in fact distributed 
throughout the atmosphere in accordance with the data on the altitude 
dependence of C N ~  given by Hufnagel and Stanley (Reference 30). 
the experimental work of Barnhart et a1 (Reference 34) warrants  serious 
consideration, because it tends to  confirm the idea that stellar scintillation 
is generated at an altitude close to the tropopause. 
and direction of drift of stellar scintillation shadow bands and found that this 
could be correlated with the wind velocity in the vicinity of the tropopause. 
S&ID recently carried out a calculation of the contribution to  the log- 
amplitude variance of starlight due to turbulence at various levels of the 
atmosphere based on Hufnagel's data for C N ~ .  
tion curve is broadly peaked, with the peak near  1 0 , 0 0 0  feet and with a 
significant portion of the curve extending out to 30,000 feet. 

.to accommodate Barnhart's data into a distributed turbulence model. However, 
there  can be no question that the f i t  is not really comfortable and more  
experimental data a re  needed. 

It i s  generally agreed that atmospheric turbulence close 
There is 

It has  also 

However, a large body of experimental 

Nonetheless, 

They measured the speed 

It was found that the contribu- 

This would tend 
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BORN APPROXIMATION 

Tatarski discusses the application of the Born approximation to the 
optical propagation problem. 
of the Born approximation is based on the assumption that most  of the 
radiation is unscattered. Scintillation effects a r e  strong, however, and most 
of the beam is scattered. It may therefore be concluded that the Born 
approximation is not applicable. 
scattering Born approximation can give satisfactory results , but most 
experience in strong scattering problems tends to argue against this. 
the scattering is  strong the Born approximation cannot be used. 

As Tatarski remarks , however , the validity 

It may be possible that a multiple 

If 
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DATA. ACQUISITION AND DISSEMINATION 

The problem of data acquisition and dissemination was examined briefly 
to provide background information for the tasks under this study, and to  seek 
means f o r  providing a maximum exchange of scientific information. 

The main result  of this effort was the preparation and recommended use 
of a LACE questionnaire (Appendix D). 
categorizing the various backgrounds and interests relating to  this program, 
(2) a check-off list fo r  acquiring data ddring personal interviews with indivi- 
duals or groups participating in this field, and (3)  the basis of a mail survey 
into current work and future plans of individuals or  organizations with regard 
to theoretical and applied analysis, laboratory and field experimentations, 
experimental systems definition, and availability of resources.  

It could provide (1) a means of 

NAA is presently utilizing the questionnaire as a part  of the second 
application. 
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APPENDIX A 

PROPAGATION OF A FOCUSED LASER BEAM THROUGH A 
TURBULENT ATMOSPHERE 

This appendix is  Technical Memorandum No. 176, prepared by 
R. A. Schmeltzer of Electro-Optical Laboratory of NAA/S&ID, and dated 
January 1965. 
partially on NAA/S&ID research and development funds. 

This work was performed partially under NASw-977 and 
e 
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PROPAGATION O F  A FOCUSED LASER BEAM THROUGH 
A TURBULENT ATMOSPHERE 

A fundamental limitation to communications by coherent light trans - 
mission through the atmosphere is the unavoidable effects created by normal 
atmospheric turbulence. 
atmosphere causes a random fluctuation of the refractive index of the t rans-  
mission medium. This fluctuation distorts and bends the light , impressing 
undesirable modulation on the transmitted beam until eventually all coher- 
ence is destroyed. 
only be described statistically. 

The presence of i r regular  inhomogeneities in the 

Propagation through such a transmission medium can 

Thus the problem is determining how light propagates through a 
random medium, i. e. , ascertaining a relationship between certain physically 
important statistical quantities , which describe the coherence or  random 
distortion of the optical wave front ,  and the statistical fluctuations of the 
refractive index of the turbulent atmosphere. 

More specifically, the purpose of this report is to derive a formula 
for the correlation (o r  structure) function for the amplitude and phase fluc- 
tuation of a wave produced by a focused laser  beam as the beam propagates 
through a turbulent atmosphere having a prescribed correlation ( o r  structure) 
function. Fo r  a description of a valid mathematical model characterizing a 
turbulent atmosphere, the results of the confirmed theory developed by 
Kolmogoroff were used. 
f o r  describing the random perturbations of an optical wavefront has been 
demonstrated to be highly significant for predicting the performance of 
optical systems, as we l l  as being easily measured. Such parameters  as 
angular resolution, angular and amplitude scintillations , and efficiency of 
coherent heterodyne detectors all depend directly upon the correlation 
function of the perturbed optical wavefront. 

The use of the correlation (o r  structure) function 

The results achieved a r e  significant in that previously many questions 
which could only be  answered quaiiiailvdy o r  l i ~ k i t i ~ e l y  ~l?zrr I --- now be 
answered quantitatively also. 
realistically evaluate modes of propagation where the statistics of the 
medium a r e  slowiy varying aiong ;he psSi of pzopzgaticn. e. g- : space to  
earth, ear th  to space, and earth to  earth communications through the 
atmosphere. 

The relationships presented can be used to  
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The analysis has been kept sufficiently general by considering a 
focused laser  beam with parameters  of such quantities a s  initial beam spot 
diameter, beam spread (a  function of path length), and an a rb i t ra ry  radius 
of curvature of the focused wavefront a s  would be produced by an ideal lens. 
The formulae therefore contain a s  limiting special cases,  the results of 
previous analyses f o r  the plane wave and spherical wave (point source). 

In spite of the many tempting ramifications one can now consider at 
this point, none have been presented in order to expedite the publication of 
the present results . 
ANALYSIS 

In the following analysis, some of the statistical properties of a 
focused beam of light propagating through a randomly turbulent atmosphere 
a r e  considered. The initial light disturbance, such as would be produced 
at the exit pupil plane of a transmitting laser,  shall be described by a scalar  
function of radial position vec torT 

2 2 u ( 7 )  = exp ( - p  /2a t ik p / 2 R )  
0 

situated in the z = o plane of a cylindrical coordinate system, where a. is 
a measure of the initial beam diameter, and R i s  the radius of curvature 
of the wavefront produced by the action of an ideal lens. The harmonic 
time dependence exp ( i w t )  is suppressed, The random wave propagation 
of the light beam produced by this disturbance i s  described by a scalar  
wave function u( F )  with T a three-dimensional position vector. 
u (-E) satisfies the reduced wave equation, 

The function 

2 2 2  V u(?;) t k n (3 u(F) = 0, z 3 0 

Here, the refractive index n(F) characterizes the transmission medium and 
is of the form 

The turbulence of the atmosphere causes random fluctuations of the refrac-  
tive index. 
function. 

Thus in the ensuing analysis, p (T) is regarded as a random 

If the atmosphere were perfectly homogeneous and nonrandom, then 

In this 
p 
phere. 

= 0 and the light beam would propagate unperturbed through the atmos- 
The index of refraction would be constant and not random. 
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case, the propagating wave at  a distance z f rom the l a se r ' s  exit pupil plane 
is found by applying Green's theorem to the region z >/ 0 

JJ -a 

where the Green function G(?;? ) vanishes on z = 0 and 
0 0 

2 2 V G t k G = - 4 r r b ( r - r o ) ,  2 3 0  

Hence 
exp(ik.1 7 - T I) exp(ik I r' - ?I 0 1 )  - 0 

I?,-31 I 
0 

I?-? I 
a:;?; ) = 

0 
0 

so that 

satisfies 

1 

It is perfectly reasonable to make the approximations for visible optics 
that k = 2 r / h  >> 1 /z. Under these conditions 4 becomes 

(5) I 

Since we a r e  interested in the iight diotnrbances in the region centered about 
the principle ray, the following can be expanded to 
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neglecting higher order  terms. Then 

2 ik 
t ikp /2R t 22 /2a u o ( 3  - 0 

-W 

2 2 2  
u o ( 3  - -ika exp Z ( -k  a ) exp [,,,Z t p 2 / 2 Z ) l ,  z>>a 0 >>k 

where 

2 2 Z = z - ika , l / a  = l / ao2  - ik/R. ( 9 )  

Next to be considered is a beam propagating through an inhomogeneous 
medium having a randomly fluctuating index of refraction. 
beam of light is bent and the wavefront i s  distorted as the beam randomly 
propagates through the atmosphere until eventually, at a sufficiently long 
distance from the transmitter,  the coherence of the beam is completely 
de st royed. 

In this case,  the 

Before proceeding further, the meaning of random wave propagation 
should be reviewed. 
media having a family of index refraction functions, n(F;w), depending on 
a parameter w , together with a probability distribution specifying the 
probabilities of various members of the family, 
random medium refers then to propagation in each member medium,together 
with the probability of each member medium, 
ciated with the wave motion in each medium, characterizes a random wave 
motion. 

A random medium is characterized by a family of 

Wave propagation in a 

This probability, when asso- 

A turbulent atmosphere can be characterized by a family of index of 
refraction functions n(y; a), depending on a parameter  w . 
point in probability space which identifies the individual family member for  
which a probability measure d P (  W )  is  defined. 
then n(F;w) i s  measurable with respect to dP(w) and a solution, u(?;w) 
exists for  each w . 
ential equation of the form 2 for each value of w , 
with the probabilities for  each w , dP( w), then characterizes the random 
wave propagation. 

Here w is  a 

If the problem is well posed, 

The wave function u( 5; w ) satisfies a stochastic differ-  
This family of solutions, 

The mean value of a random function f(?;w) denoted d ( Z ) >  is  defined 
as  the ensemble average of all possible values the function can assume at 
the point F, i. e.,  
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+a r 
<f(T)> =I f(F;o) dP(w) 

-aY 

The mean value of the refractive index shall be assumed equal to unity, 
hence <p. (F)) = 0. 
to be 

The correlation function of a function f(?;o) is defined 

In what follows, it i s  assumed that<p ( 5 ) )  = 0. Hence 

B ( F ,  T l )  = <p (T )  )L ( ? I ) >  (12) 
)L 

A random function i s  said to  be stationary when its  correlation function 
depends only on the difference between the two points, i. e . ,  0 

4-  

B f ( r ; r l )  = Bf (13 - 711) 

For  each value of a, the index of refraction n(?; o ) is an ordinary 
nonrandom function of position, 
existence of a Fourier spectral  expansion for each w 

Therefore i t  is permissible to assume the 

0 exp ( - i c * T o )  p (?: 0 ;o) dFo 

The random function p (? ;a) can then be represented by a Fourier integral 
0 

+cQ 

Multiplying Equation 14 by i ts  complex conjugate and averaging the 
result ,  we find that 
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+a 

- m  

We now assume that the correlation function of p i s  stationary with respect 
t o F ,  i. e . ,  

Making the change of variables 

and then integrating with respect to  7 ,  we obtain 

The las t  integral is a Fourier transform of the correlation function of p .  
Introducing the function 

we have 

A similar result i s  found fo r  an a rb i t ra ry  random function 4. Thus 
i f  we define a Fourier spectral  expansion f o r  4 

and assume lateral stationarity of the correlation function of 4 , then 
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where 

Let the real  and imaginary par ts  of + be denoted by X and S respectively. 

<L/JJ1*>=<xz t s2> 

Hence 

so that 

2 - 
<\E(;, z ) Q * ( Z ' ,  2')) = ( 2 ~ )  6(3 - s') ( S, Z, 2 ' )  - Fs( S,  Z, 2') 

A similar expression is obtained for another correlation function, 

2 * R e < ~ ( ~ , z , z ' ) 9 ( - ~ ' , z , z 1 ) > =  ( 2 ~ )  6(; - S I )  ( F X ( s , e , z I )  - F S ( s , z , z 1 ) 1 . ( 2 5 )  

Combining Equations 24 and 25 and integrating the result with respect to 2' 
gives the important relation 

where the upper sign belongs with X, the lower sign with S. 
provides a ~ZXZZS f e r  computing - the spectral expansion Fx, S( s, z ,  z ' )  of the 
correlation Bx, S( 5 ,  z ,  z ' )  of X and S, the real  and imaginary paris ef a 
laterally stationary random function + , from a knowledge of i ts  la teral  
two-diiiieaeicaal spectral  expansion*( s, z ,  2 ' ) .  

This relation 

Let us now consider the solution uc ;w)  of the stochastic differential 
Equation 2. Following Rytov's method, we look for  a solution of the f o m  

u(T;u) = u J G )  exp+(F;w) (27) 
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where uO(T) is often called the coherent wave, a solution fo r  p = 0, e. g . ,  
that given by 8. 
propagating wave f rom i t s  unperturbed value uo(?). If we separate \I, into 
its real  and imaginary par t s  

Thus + i s  a measure of the random departure of the 

we have 

so that X and S represent the fluctuation in  the logarithm of the relative 
amplitude and phase of the propagating wave, 
Equation 2 we find, after some manipulation, 

Substituting Equation 27 into 

V2($uo) t k2($uo) t [(v+) 2 t 2k 2 p t k2p uo = 0 

If it i s  assumed that l /k  IV$I-lpl , o r  l /k  IV+l<<l, 

then Equation 29 becomes 

2 2 2 
0 

V ($u ) t k u0 = -2k p u 
0 

subject to the requirement that the perturbation changes of the logarithm of 
the relative amplitude and phase, over distances of the order  of a wavelength 
X, be small. 
change of these quantities, 
equation whose solution i s  

This restriction does not impose any limitation on the total 
Equation 30 i s  an inhomogeneous Helmholtz 

+a, u,( ?,) exp( ik I? -?A) 
- L  

(31 )  

It seems reasonable to assume that only those inhomogeneities which 
a r e  located within a cone, with i t s  vertex at  the receiving point 7 with a small  
aperture,  should contribute significantly to the evaluation of Equation 3 1. 
Inside this cone region 
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Reflections should also play a minor role, and therefore the integration to 
the region between the transmitter and receiver i s  limited, i. e. ,  0 < z <z. 
Therefore setting 0 

upon substituting Equations 8 and 33 into 31, the following is obtained: 

If Equation 15 is substituted into 34, the order  of and dpo integra- 
tions can be interchanged ailowing the d G  integration to be carried.out 
explicitly. Thus 

The last double integral in Equation 35 is easily evaluated. 
angular integration first, 

Performing the 
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izo F*# - t 2 ( 2 - 2  - - - 
- ikZ Z 2k 

Hence 35  becomes 

0 
+ 

The spectral  expansion for  +(r;w) i s  given by Equation 21. If Equation 37 is 
multiplied by exp (- is* p') and integrated over the entire d p l a n e ,  it is found 
that 

-b+ 

~ ( s ,  + e;w)  = ik [dzo 1 exp (-is +-+ p ) d$ 

Th inner four -fold integral in Equation 38 is Fourier I s repeated integral 
operating on the square bracketed function. 
simply 

Therefore it is found that XB is 

2 
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Now some of the statistical properties of Q(;, z; o) a r e  computed, 
Multiplying Equation 39 by its complex conjugate, 

0 

Interchanging the order  of taking the mean value with integration, which is 
assumed permissible, the following i s  obtained 

0 

X (N(2Z z ) N (xZ*, - yo)> deo dyo 
Y* 0 - 

0 0 
Z 

2 - ika 2 = z - i k a - ,  Yo = yo and a i s  complex Equation 9 .  where Z 

From Equation 20 

0 0  

0 0 0 0 
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4 

Substituting Equation 42 into 41 and integrating with respect to t gives 

-a 

Z Z  
r r  

Likewise, 

<Q (T, z )  Q (-7, z)) d 7  = II 

From Equation 26, 
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Z Z  

But 

Hence, 

t c o  

if we substitute 

J J  
-cD 

++ into Equation ._5, multiply by exp (is- p) and .Ategrate with respect to a”s, the 
following is obtained 

4-m 2% 2 
*.- <*” I v \  

B ( p , z ) =  Fn(t, zo,  yo) exp L A o /  x, s 
-00 00 

dz dy d; 
0 0  
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Performing the angular integration 

B ( p , z )  = 7 - k2 Re f t  dt jj J 0 ( P  tZ 0 / Z )  Fn (t, zo, yo) 
4 T  0 0  

x, s 
0 

X exp -it 2 go ( z - z o ) ]  (exp [ -it 2 Y (z-yo)] r conj.1 dzo dyo 

[ % z  2k zo 
(49) 

Equation 49 can be simplified further i f  it i s  assumed that the two- 
dimensional spectral expansion of the refractive index fluctuations is a 
slowly, smoothly varying function of position along the path. 

behaves a s  i f  the medium were homogeneous. 
form 

Thus, in any 
localized region along the path of propagation, the function F n (t, z o,Yo 1 

Writing Fn(t, zo, yo) in the 

- 56 - 
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where 5 is  the correlation distance, and making the change of variables 
C 

= 5  o r  Y = Z  - 5  ; dye = -d& z 0 - Y o  0 0 

Equation 49 becomes 
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0 0 

r 

L 

(Z -Z t 5 )  i conj. 
0 

- I-,I 

I-& (Z  0 - 5 )  

L 

Since the function Fn(t, zo;  5 ) falls off rapidly for 5 beyond the correlation 
distance 5,, 5 << zo is  in the important region of integration. 
the following can be written 

Therefore, 

- 5 )  ( Z - z  t 5 ) - Z 0 ( Z - Z )  
( z O  0 0 

and the integration with respect to 5 can be extended between the limits 
-a and t c o  . Hence Equation 52 becomes 

de J ( ptZo/Z)  x, s 4Tr Re f t d t  0 0  

k2 
B ( p , z )  = *- 

0 0 
- 

-co 

t F conj, 
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Now 

Bn ( r ; z  ) exp ( - Z  $ ) dT Fn(t, zo,  5 d5 = 0 

--a) -OD 

is the three-dimensional spectral  expansion of the correlation function for 
the refractive index fluctuation. Introducing the notation 

B ( r ; z  ) n o  exp ( - z *  T) di? 
-a 

then 

-OD 

and Equation 53 finally becomes 

0 0 

Equation 57 relates the correlation function of the amplitutde and phase 
fluctuations of the wave in the e plane to the three-dimensional spectral  
density of the correlation function of the refractive index fluctuation along 
the path of propagation, 
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The value of the correlation function €3 ( P ,  z )  at P = 0 gives the 
mean square fluctuation of the logarithm of the wave amplitude and mean 
square phase fluctuation. 
and imaginary parts:  

x, s 

The parameter Zo/Z can be separated into its real  

where 

2 4  

2 4  2 

t k aO (1/e t 1/R) ( l / z o  t 1/R) 

t k a ( l / e  t 1/R) R 
0 

1 ( 1  - z,/e) [to] = 
1 t k2a ( l / e  t 1/R)' I 0 

Then 

2 4  
1 t k a. ( l / e  t 1 /R)  ( l / eo  t 1/R) 

X { y 2  [- 2 (1-2 /e)  2 4  0 

(61) 
I /  1 t k a. ( l / e  t 1/R)2 

0 0 2k cos 

The three-dimensional spectral  expansion @ (t, e ) of the correlation 
0 

function Bn( r;zo) of the refractive index f!uctij-a.tion i s  obtained from Equation 
55. 
Thus, in the integral Equation 5 5 ,  we can introduce spherical coordinates 
and ca r ry  out the angular integrations. 

Since the medium is  isotropic, the function Bn(r;eo) depends only ez r-  
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MEANS, VARIANCES, AND COVARIANCES FOR THE PROPAGATION 
O F  LASER BEAMS THROUGH A TURBULENT ATMOSPHERE 

A fundamental limitation to communications by coherent light t rans-  
mission through the atmosphere is the unavoidable effects created by normal 
atmospheric turbulence. The presence of random inhomogeneities in the 
atmosphere causes a random fluctuation of the refractive index of the trans- 
mission medium, which, in turn, distorts and bends the light, impressing 
undesirable modulation on the propagating light until eventually all coherence 
is destroyed. 
associated with the determination of the Statistical behavior of a n  initially 
coherent beam of focused light propagating through a random medium, which, 
while isotropic, i s  characterized by having a random point function for  
refractive index. 
re fer red  to as turbulent scattering. 
theoretics of the statistical mechanics of the random medium, but for this 
purpose we turn rather to the results of the confirmed theory of Kolmogoroff 
for  a physical description of the statistics characterizing a turbulent atmos- 
phere. The theoretical approach used here  is from the stochastic aspects of 
the problem. Wave propagation in a random continuous medium is formulated 
as being governed by a stochastic l inear differential equation, the coefficients 
of which characterize the transmission medium. 
differential equation is then obtained by means of an iteration scheme and is 
expressed in the form of a power ser ies  in a perturbation parameter. 
statist ical  properties of the stochastic solution a r e  then computed, viz., 
correlation and structure functions, variance, mean value, etc. 

The precrent paper is devoted pr imari ly  with the mathematics 

Wave propagation in such a random continuous medium is 
W e  shall not be concerned with the 

The solution to the stochastic 

The 

The use of the structure function for describing the random perturbations 
of an optical wavefront has been aptly demonstrated to be a highly significant 
quantity for predicting the performance of optical systems, as well as being 
easily measured. Such parameters as angular resolution, angular and ampli- 
tude scintillations, and efficiency of coherent heterodyne detectors all depend 
directly upon the s t r u c t u r e  function of the distorted optical wavefront. 
believed that the results achieved here a r e  significant in that iliazy qxst-ions 
which were previously answerable only qualitatively o r  intuitively should now be 
amenable to quantitative study, 
evaluate realistically paths of propagation where the statistics of the medium 
a r e  slowly varying, e. g., space to earth, earth to space, and earth to ear th  
communications through the atmosphere. 

It i s  

The relationships presented can be used to 

The analysis has been kept sufficiently general by considering a focused 
l a se r  beam limited with such quantities as initial beam spot diameter, beam 
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spread (a function of path length), and an  a rb i t ra ry  radius of curvature of 
the focused wavefront as would be produced by the action of an ideal lens. 
The formulae, therefore, contain a s  limiting special cases,  the resul ts  of 
previous analyses fo r  the plane wave and spherical wave (point source). 

In spite of the many tempting ramifications one can now consider at 
this point, none a r e  presented here in order  to expedite the publication of 
the results obtained so far. 

NON-RANDOM WAVE PROPAGATION 

Before illustrating the techniques used to analyze wave propagation in 
random media, we shall consider the nature of a focused beam of light 
propagating in  a non-random medium, and thereby obtain an equation for the 
wave function of a n  unperturbed beam of light, 
sequently serve to demonstrate the application of our results with a specific 
example of the effects of randomness on a prescribed wave function, 
application chosen i s  of considerable importance in determining the fate of 
communication by coherent laser  light transmission through the atmosphere. 

This formulation shall sub- 

The 

F o r  this purpose, let u0(T) represent the unperturbed wave function 
describing the propagation of a collimated beam of light such as would be 
emitted by a focused transmitting laser,  where r = z t P 
i n  a cylindrical coordinate system, 
radial coordinate vector. 
the propagation of a light disturbance as  produced by a laser ,  
is assumed to have a Gaussian amplitude distribution and a focused wave 
front 

- 3 -  i s  a position vector 
z the axial coordinate vector, and 7 the 
d 

The wave function uo(-it) is chosen to represent 
uo (p) which 

z -0 

= exp 

and is located at the exit pupil plane z = 0. 
uring the effective beam radius, and R , the radius of curvature of the 
wavefront of the beam produced, say, by the action of a n  ideal lens. This 
initial disturbance propagates into the space z > 0 , and this propagating 
wave shall be described by the wave function u0(?) , Throughout this work, 
we shall take for granted the monochromaticity of our solution and suppress 
the harmonic t ime factor exp(iwt) . 

Here cyo i s  a parameter  meas- 

Accordingly, the wave function u o(F) satisfies the reduced wave 
e qua tio n, 

z > o  ( 2 )  2 2 V u ( F ) t k  u ( q = O ,  
0 0 
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Here, the refractive index i s  taken a s  unity and k = 2lr/x . To solve 
Equation 2 subject to the boundary condition Equation 1, we apply Green1 s 
theorem to the interior region bounded by a large hemisphere and the plane 
z = 0 . 
we obtain 

a 
The integral over the hemisphere can be made arbi t rar i ly  small, and I 

where the integral extends over the entire e = 0 plane, and the Green's 
function G(? ; ) vanishes on z .= 0 satisfying 

2 2 

0 

r o ) ,  e rO (4) V G t k  G = - 4 n b ( F -  

Hence, 

where 

so that 
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Hence 

where 

and 

Since we a r e  interested in the wave function in the region centered about the 
principal ray, one can expand 

17- -iol 2 
- 4  

-t ... I - pol- -t 22 

and neglect higher order  terms,  
approximation for visible optics that k = 2~r/), >> l / z  , Under these condi- 
tions, Equation 7 becomes 

It i s  perfectly reasonable to make the 

which evaluated becomes 

where 

2 Z I z - ika, 

- 66 - 
SID 65-1084 



i o  

NORTH A M E R I C A N  A V I A T I O N ,  INC.  SPACE and INFORMATION SYSTEMS DIVISION 

Equation 12 represents the wave function fo r  the Gaussian beam of 
focused light a s  it propagates through a non-random medium with a n  index of 
refraction of unity. 

WAVE PROPAGATION IN RANDOM CONTINUOUS MEDIA 

Let us consider next what happens when the beam propagates through an  
inhomogeneous medium having a randomly fluctuating index of refraction. 
this case, the beam of light i s  bent and the wavefront i s  distorted a s  the beam 
propagates until eventually, a t  sufficiently large distances, the coherence of 
the beam i s  completely destroyed. 

In 

Before proceeding, let  us recall what is  meant by wave propagation in a 
random continuous medium. A random medium i s  characterized by a family 
of media having a family of index of refraction functions, n(y,  o ) , depending 
on a position vector r , and a parameter w identifying a particular member 
medium of the family, together with a probability distribution specifying the 
probability of various members of the family. Wave propagation in a random 
medium then refers  to propagation in each member medium together with the 
probability of each member medium. 
wave motion in  each medium, characterizes a random wave motion. 

6 

This probability, when associated with the 

Wave propagation in continuous random media can be studied by 
considering the solution for the wave function u(-E' ; w ) for each member 
medium with a refractive index function n (y  ; w ) . Each member solution is 
governed by a stochastic linear differential equation of the form 

2 ,.. 2 2  V u ( ? ; w ) t k  n ( F ; w )  u ( y ; w ) = O  

Here, the coefficient n (y  ; w ) characterizes the random propagation 
medium, a s  a family of index of refraction functions depenfling on a parameter  
o , a point in probability space which identifies the individual family member, ,  
for which a probability measure dP(w) ' i s  defined. 
posed, then n (F ; w )  i s  measurable with respect to dP(w) , and there exists 
a solution, d ( F  ; w ) for each w . The wave functions u(?  ; w ) satisfy 
Equation i4 for each value of w This family of solutions, with the proba- 
bility for  each value of w', dP(o) , then characterixos the wave propagation 
in  a continuous random medium, 

If the problem is well 

In studying the statistics of wave propagation in random media, we shall 
need to define certain statistical properties of a random function. 

The mean value of a random function f( 7 ; w ) denoted <f (;)> is defined 
a s  the ensemble average of all possible values the function can assume at the 
point ?,  weighted by a probability measure dP(w) , i. e. ,  
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<f(T)> = /mf ( F ; w )  d P ( w !  

The covariance of a random function is  defined by 

* 
= < ( f  (Ft?) - < f  ( F t T ) > /  ( f  (T)  - < P ( F ) > \  > 

Thus, i f  < f ( F ) ) =  0 ,  then 

The mean square continuity of random functions means 

* 
(15) 

The function 

i s  called the structure function and i s  the basic characterist ic of a random 
process with stationary increments. 
ter izes  the intensity of those fluctuations of f(  ?) with periods which a r e  
smaller than o r  comparable with T . The connection between the structure 
function Df and the covariance function Cf for a random function 'f( 2 ; o ) 
whose meanvalue is zero is clear from 

In a sense, the value of D f ( 7 )  charac- 

D$?) = < I f  ( F ' t  ?) - f ( ? ) 1 2 >  

It i s  interesting to observe that from this result  it follows that the continuity 
of the covariance function a t  
tinuity of f(?) i n  the mean square sense. Thus f(?) must have finite 
variance if mean square properties a r e  to hold. 
which is usually the case, we have 

* L b  
T = 0 in  the ordinary sense implies the con- 

In the case where C f ' m )  = 0 P 
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A random function is said to be globally stationary wrlen its covariance 
function depends only on the distance between the two points being correlated, 
i. e. , 

In the ensuing analysis, it is assumed that the mean value of the index 
of refraction function <n (t) > is unity. 
refractive index i s  accordingly 

The correlation function for the 

Here we have expressed Cn as a function of the distance 1; - 
the two points being correlated, implying global stationarity. 
appropriate notation when the transmission medium is both homogeneous and 
isotropic in space. 

between 
This is an  

We shall also need to know the expectation value of the gradient of the 
index of refraction, denoted by 

This quantity can be expressed in te rms  of the covariance function 
show this, we represent <vn(? )  v n (  rl ) >  

Cn . To 
by the following limit process 

& d ' L I  
= l im vt vi, c n (  IFt t - rl - t l l j  

t, t '  -0 

W e  next define what is meant by a locally stationary process a s  con- 
t ras ted to one which i s  globally stationary (over all space). 
local stationarity has considerably more physical significance here, since 
the atmosphere i s  actually homogeneous locally. Thus the statistics vary 

The concept of 
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m smoothly and slowly as a function of position A process shall be said to h p  w 
locally stationary if the covariance function? zsz LG pur; Into the form 

where h is a non-negative function, and Cn is a globally stationary function 
Thus h (3 may vary over the whole rea l  line, while Cf (T), which i s  invari- 
ant under translation, can be thought of a s  describing its local behavior. 
The index of .refraction function n (f ; w ) shall be assumed to be locally 
stationary, and therefore Equations 26  and 27 a r e  appropriate representations 
for i ts  covariance functions. 

PERTURBATION SOLUTION OF THE EQUIVALENT SPATIAL RICCATI 
EQUATION 

Wave propagation in a continuous random medium shall be considered 
here  as being governed by the stochastic linear differential equation 

(28)  
2 2 - .  

V2 u ( 2 , o ) t k  n ( r ; w )  u ( ' E ' , w ) = O  

with a random function n(f ; W )  characterizing the transmission medium. 
Equation 28  represents a farhily of equations depending upon a probability 
parameter w , each member of whhh  possesses a solution u e, w). In 
what follows, the probability parameter W will be omitted throughout. 

Applying the Rytov transformation takes Equation 28  into the equivalent 
nonlinear spatial Riccati equation 

A ( 3 a n d  t$ (r7 being the "amplitude" and Ifphase" associated with u(?) a s  

~ ( $ 1  = ~ ( 3  exp it$@) (31) 
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Now n (3 may be written as  

where the parameter E has been inserted as a measure of the deviation of 
the refractive index from its mean value unity. 

It Seems reasonable to suppose that Q can be represented in a 
power ser ies  in z 

Substituting Equation 33 into 29 then gives 

m- 1 

0 m p = l  

2 2 2 2  = - k 2 - a 2 k  p - c  k p ,  m = O , 1 , 2 , 3 . .  . 
Equating to zero the coefficient of each power of E , we obtain 0 

2 2 v JI, t 2vJI . VJI, = -2k p 
"0 

- m- 1 
v2 JI t 2vJ10 0 vJIm = - vJIp v+m,p' m = 3 , 4 , 5 .  . m p= 1 

. (38 )  

Equation 35 givee the solution of Equation 1 for the case p = 0, 
Po = exp Q o, then Equation 35 is equivalent to 

Thus, if 

2 2 V u t k u  = O  
0 0 

(39 )  

Equations 36 through 38 are a system that can be solved successively for  the 
To accomplish this, we introduce the functions 

W = + expJI0, m=l ,  2, 3, ... (40) m m 

- 7 1  - 
SID 65-1084 



~ 

NORTH AMERICAN AVIATION, INC. SPACE and INFORMATION SYSTEMS DIVISION 

so that Equation 36 through 38 can be written as 

2 2 2 V W l t k  W = - 2 k y ~ . u  1 0 

m- 1 
exp -+o) uo (43) -P v2 W t k2 W = - v ( W p  exp -+o) V (W m m p= 1 
m = 3,4, 5.. . 

The solutions of sets41 through 43 a r e  given iteratively by 

m = 3, 4, 5. . 
where the integration ie taken over that par t  of apace from which scattered 
waves arr ive at the point r . FromEquation 40 -.A 
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m=3, 4, 5.. . 
Equations 47 through 49 together with the solution of Equation 39 represent 
the general solution for wave propagation in  a random continuous medium. 

The solution of Equation 28 can be written in the form 

where uo( r) may be thought of as an  unperturbed wave function propagating 
as i f  the transmission medium were non-random, and where 9 (2) is a 
measure of the fluctuation 

3 A 

of the amplitude and phase from their unperturbed values, A,( r) and +o( r) 
respectively. The fluctuation function $ i s  computed from 

where the Jc m ' s  a r e  given by Equations 47 through 49. 

MEAN VALUE FOR PHASE AND LOG-AMPLITUDE 

The mean value of Q , denoted by (9) is found by taking the 
ensemble average of each te rm in Equation 5. 

Since 9 (;) is non-random, < 9 ($)) = dc0 ($). 
$1 (;) g a y  be computed from #quation 47 by interchanging the order  of 
integrating and averaging, which is assumed permissible. 

The ensemble average of 

Then 
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Since <p(F0) > = 0, we have < +  ($1 > = 0. From Equation 48, we find 

Therefore, the mean value of !D is  given by 

t M (F) t 0 ( c 3 )  

and $ is given by Equation 47. 1 

Multiplying Equation 4 7  by uo(F) and taking the gradient of the product 

Integrating by parts I 

Next, we use the identity 

- 7 4  - 
SID 65-1084 



N O R T H  A M E R I C A N  AVIATION,  INC.  SPACE and INFORMATION SYSTEMS DIVISION 

and Equation 47 to obtain 

It is perfectly permissible to make the assumption for visible optics that 
k = 2 v / k  > > l/f and 

0 

Hence Equation 59 becomes 

The wave function uo i s  chosen to represent the unperturbed wave function 
of the focused laser  beam given by Equation 12. Thus, 

It seems reasonable that o d y  those ishomogeneities w that a r e  located within 
a cone with vertex at ’F’ wSth a small aperture should contribute signifitaztly 
to the evaluation of Equation 61. Inside this cone, 
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Reflections should also play a minor role, and we shall consequently limit the 
integration to the region o <z,<z. Therefcrz,  substituting Equation 62 and 63 
intn 61, vve iind that V$1 can be represented by a simpler expression than 
Equation 61: 

a 
where. the dpo integration is taken over the entire two-dimensional vector 
space of and 

0 

2 ( 2 - 2  ) z 
0 0  

Y(z ,zo)  = ikZ 

Consequently, 

Now from Equation 27 
1 

which is appropriate here, since the refractive index of the medium can be 
considered locally stationary. 
introducing the change of variables 

Substituting Equation 67 into 66 and 
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1 
yields z z  

dZ 1 dZ2 h [ y ( z l  t z 

'bo' zl) Y(Z0' z2) < vlIJ1q : v c 1 ( 6 )  > = +- 2 
TT 

0 0  

where 

The d? integration can be performed explicitly by substituting the result 

Thus Equation 69 becomes 

Applying the approximations for visible optics of Equations 62 and 63 to the 
integral representing M ( 3  of Equation 56 gives 
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Substituting Equation 72 into 73 

-1 
The d P integration is performed using Equation 7 1 

0 

We next introduce the change of variables 

1 s = 2 ( z 1  t z2) , t =  el - z2 
into Equation 75 I 

- 2  

2 

M ( r )  = -- ik f A n  h ( s )  ds f a+ 
I -* 

uyo J A J 
- 2 1 T  d 0 - z - t 2  Is- 1 / 2  
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and into Equation 76 
2 Z ~ 

0 ( 1 -  2- )  t A =  2Y(z0,S) t - ikZ Z (79) 
0 

The covariance function Cn(c )  falls off rapidly to zero for points 

Now since ac is a relatively small  distance compared to path 
separated by a distance 6 larger than ac which we call a correlation 
distance. 
length, there a r e  several  approximations that can be made that will simplify 
the evaluation of Equation 78 considerably. 

Since 

for  values of S larger  than a few times a, from the end points S=O and S = zo, 
the limits in the dt integral in  Equation 78 can be extended between -Q and 
t OD with negligible error .  

Likewise, the coefficient A of Equation 79 has a very weak dependence 
We shall therefore set t = 0 in Equation 79. Consequently Equation 78 on t. 

can be expressed more simply as 

M(?) = -& 1 dso [ h(yds dt d rV2Cn  [(t2 t c  2 ) 1/21 
4= Y m  

0 CD 

Examination of the relative magnitudes of the t e rms  in exponential in 
Equation 81 shows that for F / Z  << 1, the dependence on is quite weak. 
For this reason, we shall set P =o and neglect this dependence entirely. 
This also serves to eliminate the dependence of the exponential on t. 
Consequently, the dt integration can be carr ied out, assuming C i s  
prescribed. Thus 

-L 

n 
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where a3 

f ( C )  = V 2 Cn[(t2+c2)1/2] dt 
0 

J 

0 

Proceeding with the evaluation of Equation 55, we note that the variance 
of the index of refraction is given by 

e2<P2  (r' 0 )> = h ( z O )  Cn(0 )  

To evaluate the volume integral in Equation 55, we use this result together 
with Equations 62 and 63, 

0 

Therefore, the mean value of the fluctuation function is given by 

J 
0 
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COVARIANCE FUNCTIONS 

Let us now compute the lateral convariance functions for the logarithm 
of the relative amplitude 

where 7 is a radial position vector in the plane normal to the z-axis. 
These can be expressed as 

which can easily be computed to the second order  in E from our explicit 
SolutionEquation 52. Now from Equation 47, since $1 is linear in p and 
since we assume that <p> = 0 ,  it follows that <+I> = 0.  Hence, 
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Hence e 

Upon inserting Equation 26 into Equations 96 and 97 and introducing the 
change of variable of Equation 68, we find 0 
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exp ' 

Using the result  given by Equation 71 permits the d5 integration to be 
pe r f o rme d explicitly : 

'-. 

* - -  
( 5  t T ( E  - 1/2  t t 4 i k a ) / Z * ) 2  

Y ( 2 ,  s t 1 /2 t )  t Y *  ( 2 ,  s- l /2t)  

0 0  

I .  
2 

Assuming that the observation poin ty  = z is in the far field, i. e. , z >> I k CY I , 
then examination of the t e rms  in  the exponentials of Equations 100 and 101 
shozs  that the dependence o n T i s  quite weak whenT>> z . We shall therefore 
set  p = 0. 

the l imits of the resulting dt integration between - CO and t a3 yields 
Introducing the change of variables of Equation 77 and extending 
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( c3) f 2 2  (rt 7 (s-1/2t - ika, )/Z) 
y(2,  s t 1/2 t) t Y ( 2 ,  s - 1/2 t) '(103) 

Now 

(104) 
2 [ ( z - s )  2 t 1 / 4 t 2 ]  R e ( k a , ) t i t  2 [ z Z - k  2 - 1/2 k ZZ* 

and 

Since Cn [(t2 t 52)'/2] falls to zero rapidly for  values of t beyond a 
correlation distance a,, the dt integrations in Equations,lP2 and 103 a r e  
significant in  the rather limited range 0 < t < aC. 
Equations 104 and 105 have a very weak dependence upon t. Hence, there 
is negligible e r r o r  introduced +y setting t = o in Equations 104, 105 and in  
the exponential terms of Equations 102 and 103, 
the functions 

Hence, the coefficients of 

If we do this, and introduce 

0 

then 

C 
Re C * (T) = - k $4 lr 

0 
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To obtain the corresponding structure functions, we introduce the function 

whence from Equations 20, 109, and 110 
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2 Y  ( v ,  i )  'jl (Tt7 Z0 /Z )  

0 

t2 - exp 
2 Re Y (z, zo) I... I 1 

Re Y ( z ,  zo) 

r 

SPECTRAL REPRE SENT ATIONS 

The means and covariances computed above may be cast  into an al ter-  
native form of representation, which depends upon the spectral  function 9 
defined by a three dimensional Fourier integral of C n' 

rather than on the "f" functions of Equations 83, 106, and 111. By Four ie r ' s  
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Since 

then 

Substituting Equation 117 into Equation 86, interchanging the order of the 
integrations and performing the resulting dC integration gives 

Z Z 

h (ZJ deo t - ik 1 deo io h(s) 
Cn(0) f 8tr 

ik 
<.(4> = 2 

0 0 0 

where we have introduced F, the Laplace transform of t~ Q ( u  112) :  

Likewise, we substitute Equation 118 into Equations 109 and 110 and perform 
the d 5  integrations and upon rearranging, find 
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0 0 
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APPENDIX C 

THEORETICAL EVALUATION O F  THE RMS FLUCTUATION 
O F  AN OPTICAL HETERODYNE SIGNAL WITH RANDOM 

WAVEFRONT DISTORTION 

This appendix is Technical Memorandum 118-A, prepared by 
M. F. Sternberg and D. L. Fr ied  of the NAA/S&ID Electro-Optical Labora- 
tory in March 1965. 
d u m  118, and was performed partially under NASw-977 and partially under 
NAA/S&ID research and development funds. 

This work is a continuation of Technical Memoran- 
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RMS FLUCTUATION O F  AN OPTICAL HETERODYNE SIGNAL 
WITH RANDOM WAVEFRONT DISTORTION 

This document is  a continuation of Technical Memorandum (TM) 118, 
Optical Heterodyne Detection of an Atmospherically Distorted Signal Wave 
Front. The notation used a r e  the same a s  the notations in TM 118. 
Equations referred to by number may refer to equations in TM 118. 

This document wil l  be concerned with the mean square heterodyne 
signal strength, <S* '>. 

The quantity computed can be used to evaluate the RMS modulation 
noise in a heterodyne receiver. 
exact treatment is not possible and an approximation is necessary to reduce 
the problem to reasonable size. 
accurate, only heuristic arguments will be provided to justify it. 

Unlike the case treated in TM 118, an 

While the approximation appears to be fairly 

MEAN SQUARE SIGNAL 

Starting with Equation 5 . 5  for  the instantaneous heterodyne signal SI, 

SI = 2 ( ?Ao AsG) d z  d z '  W(x,D) W ( x l , D )  

(5.5) 

where we have set the load resistance R equal to unity for  convenience, 
and writing the squared signal SI2 which contains the product of two double 
iiitcgrds =a a four-fold integral, we get 

In Equation 9. 1 and the following, we have dropped the subscript s in 
dS--*@, and a r e  using y and y' for the magnitudes of 7 and . W(x, D) 
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has been used in  place of W(x) to make the circle diameter, D, more explicit 0 
and permit us to  use other circle diameters. Since 

cos a cos b = 1/2  cos (a t b) t cos (a - (9.2) 

we note that 

(9. 3)' 

We see that i f  we rewrite the integral as the sum of two integrals, each 
containing one of the cosines, then interchange the symbols 7 and 7' in one 
of the intregals, and recombine the two integrals, we get 

SI2 = 4 (tl A o s  A G)"//// d 2 d3'x' d 7 d y  W(x, D) W(x' ,  D) W(y ,D)  W(y ' ,D)  

Taking the ensemble average of both sides, commuting integration and 
averaging so that on the right side the brackets enclose only the cosines, and 
then using the 

<SI2> = 4 (q 

relationship discussed in Footnote 11 of TM 118, w e  get 

Using the Equation 

(a -b tc  - d)2 = (a - b) t (a - d) 2 2 2 2 2 2 
t (b - c) - (a - c) - (b - d) t (c - d) 

(9.6) 
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to expand the square in Equation 9.5, expressing the average of the surn as 
the s u m  of the averages, and recognizin the phase structure function in 
such expressions as<(+ (a) - + (fil) ) 9 >, we get 

W e  will  now offer heuristic reasons for making the replacement 

We base our argument on Equation 4.4 which says that 

5 /  3 
D(r) = 6. 88 (r/ro) 

i. e., that D(r) varies as the five-thirds power of r, and on the fact that 
there is only a 16-2/3 percent difference between five-thirds and six-thirds, 
so that we may approximate the relationship in Equation 9.6 with 

(a-b t c-d) 5 /3  2: (a-bl5j3 + (a-d)5/3 - ( a - ~ ) ~ ' ~  + ( b - ~ ) ~ ' ~  -(b-d)5/3 t (c-d) 5 / 3  

(9. 9) 

W e  further argue the approximate validity of Equation 9.9 by noting that for 
n = 1, 

(9.10) 
n n - (a-c) (a-b t c-d)n = (a-b)n t (a-d) t (b-c)n - (b-d)n t (c-d)n 

as well as for n = 2. 
values of n, we see that the e r ro r  vanishes for n = 1 and n = 2, which leads 

Thus, i f  we study the e r r o r  in  Equation 9. 10 for various 
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one to believe that the relative e r r o r  never gets very large for 1 < n < 2. 
This, together with the fact  that (2-5/3) / 2  = 0. 166, makes Equation 9. 9 
quite plausible, This plausibility, together with Equation 4. 4, constitutes 
our heuristic argument for Equation 9.8. 

Substituting Equation 9. 8 into Equation 9 . 7 ,  we get 

We now make the substitutions 

in Equation 9. 11 giving 

3 = 1 / 2  (fl t 9)  

(9. 12a) 

(9. 12b) 

(9.12c) 0 
(9. 12d) 

(9. 13) 

The 
be performed explicitly. 
Equation 5. 11. 

and*' integrations a r e  independent of the structure function and can 
The result  for each integration is given in  

We may write 
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where K (r, D) i s  defined in Equation 5. 10. 
0 

KO (r ,D) = 1/2 {D2 cos -' (x) -r d n ]  
Again we make a change of variables, this time 

2 - 4  u = P  - u  

A v = 1 / 2  ( r e )  

(5.10) 

(9. 15a) 

(9.15b) 

and denote the components of 3 parallel and perpendicular to  -f by p and q 
respectively. Substituting u and p, q into Equation 9. 14, we note that 
the angular integration in d can be performed giving a factor of 2 IT . 

4 

We get 

2D 

where 

t c o  t c o  

K 1 2  ( E D ) =  1 dp \ d q  W (  

-03 -03 

u d u K 1 (" 2 '  D) exp {-1/2 D(u)} 

(9.16) 

The upper limit of 2D on the integration in u in Equation 9.16 is  redundant in 
the sense that K 

1 
the W functions in Equation 9.17. 
as determined by the two W - functions is  the a rea  of overlap of two circles 

(u, D) obviously vanishes when u > 2D, as can be seen f rom 
The region of integration in Equation 9. 17, 
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of diameter ZD, each with its center on the p-axis, with the separation between 
centers equal to u, i. e . ,  the centers a r e  at  (p, q) = (*1/2 u, 
theintegral is four times the value of the integration in the f i r s t  quadrant. 
The limits on the f i rs t  quadrant a r e  

a 
0 ) .  The value of 

Thus 
D- u - 

(9. 18) 

Making the substitutions 

a =  u/2D 

m =  p/D 

n = q/D 

and noting that 

K ( r , D ) = D  2 KO (%,  1) 
0 

so that 

and that consequently 

K ( ”  D ) = 4 D  
6 

0 
dn K 1 2’ 

0 0 

* X  K 0 ({m 1) .  4 D  6 
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(9.19b) 0 
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0 We a r e  led to the equation 

.I 
0 (9 .23 )  

Now introducing the phase structure function a s  defined by Equation 4.4,  i. e. 

5/3  D ( r )  = 6 . 8 8  ( r / r  0 ) 

we get 
1 

( 9 . 2 4 )  

Casting Equation 5. 12 in similar form for comparison, we have 

2 ' D  <SI> = ~ ( 2 q A  A G r 0 ) ( - ) 4  r ] k d j  K o ( e , l )  exp o s  
0 

0 

( 9 . 2 5 )  

The functions K (1, 1) and especially K1 ( e  , 1) will be tabulated later. 
0 F o r  the present, we note simply that the mean square signal amplitude modu- 

lation noise due to wavefront distortion i s  6 . 2 

<SI2> - <st> 
<St> ID \ 5/3  p5/:I" 

- 1 i d 1  K 0 (1 ,  1) exp {-3.44(T0) 

L -I 

(9 .26 )  

-1 
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APPENDIX D 

DATA ACQUISITION QUESTIONNAIRE 

This questionnaire w a s  prepared to be used as a tool during data 
acquisition and assimilation in connection with the L A C E  study contract. 
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Name of organization Address Phone 

2. 0 What percentage of this technical activity is theoretical? 
experimental? development? other? 

*Explain 

3. 0 Which categories would best describe your main a rea  of l a se r  
application? 

components acquisition and tracking Other 

subsystems ranging 

systems communication 

Explain 

Describe your present laser  activity in general terms.  4. 0 

5. 0 List  your principle investigators in l a se r  technology (name, tit1 
group, address, telephone no. ). 

6. 0 Describe your past  and present laser  study and development 
program-s i 
6.1 List  Government contracts and independent research. 
6. 2 What types of theoretical analyses have been performed? 
6. 3 What types of experimental programs (laboratory, field)? 
6.4 Do you have an analytical o r  experimental program concer: 

with optical propagation in a turbulent atmosphere? 
Summarize approach, equipment used, significant results, 
problems etc. 
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6 .  5 List l a se r  technology papers presented, publications, 
reports (give source and identification), and include copies 
o r  abstracts, i f  possible. 

7. 0 What do you consider a r e  the most significant problems yet to be 
solved to advance the l a se r  state of the a r t  and to derive major  
exploitation of the use of lasers  in space communication, 
acquisition and tracking, mapping, etc. 
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~ 

8.0 ANALYTICAL APPROACH, DETAILED (Use additional paper 
when necessary. ) 

8. 1 Which optical characteristics ( a s  affected by the atmosphere) do 
you study: wavelength, monochromaticity, spatial coherence, 
polarization, mutual coherence? Discuss. 

8. 2 Which beam properties do you consider: spread, intensity, 
irradiance, direction, phase? Discuss. 

8. 3 I s  attention restricted to infinite plane waves, o r  have other wave- 
forms (especially finite collimated beams) been considered? 
Discus s. 

8.4 What mathematical approach do you use in analyzing l a se r  prop- 
agation in a turbulent atmosphere, and how do you justify any 
approximations made physically? 

8.4.1 Have analyses been made in  spatial o r  in spectral domains? 
Discuss. 

8.4.2 What types of approximations were used ( r ay  tracing, small- 
and smooth-perturbation theory, renormalization, etc. )? 
Discus s. 
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8.5 What standard reference works ( i f  any) were used for a departure 
point? 

8. 6 Which atmospheric effects do you look at: absorption, scattering, 
refraction, turbulence, depolarization (polarization fluctuations)? 
In what manner? 

8.7 In turbulence studies, which statistical properties of the 
atmosphere do you consider most important? For  what reason? 

8. 8 Which meteorological parameters a r e  used to specify the optical 
state of the atmosphere? 

8.9 How are  these meteorological parameters  measured so as to 
specify experimental conditions? 

8.10 Do you have a theory relating atmospheric parameters  and 
propagation effects? If so, explain, 

8.11 Is the turbulence model you use homogeneous o r  inhomogeneous? 
Discus e. 
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8. 12 What data do you use to predict attenuation in the atmosphere? 

8.13 Do you study sky background: 
wavelength), polarization, zenith angle, meteorological conditions, 
and the positions of the sun, moon, and prominent s tars?  If so, 
explain and discuss. 

spectral  radiance ( a s  a function of 

8.14 Are the light paths studied horizontal, vertical, o r  slant; and a r e  
the end points both terrestrial ,  one earth and one aircraft ,  both 
aircraft, o r  one earth and one space vehicle? Discuss, 

8.15 Have you considered aberration and doppler shift in light beams 
transmitted between ground and satellite? If 8 0 ,  how? 

8.16 What degree of consistency exists between your work and other 
theoretical analyses? 
which require further investigation due to disagreements among 
various theories? Discuss. 

Which results a r e  beyond question, and 

8.17 Has your experience with the analytical work caused you to 
re-assess  the relative value o r  difficulty of your original laser  
program objectives? If 8 0 ,  how? 
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8.18 Describe your future plans fo r  theoretical analysis in the area 
of atmospheric effects on optical propagation. 

9.0 EXPERIMENTAL APPROACH 

9.1 What propagation experiments have you performed? Give the 
objective s, significance, method of measurement, parameters  
measure, equipment used (functional block diagram, if  possible), 
location, and results. 

9 . 2  Has basic propagation analysis and/or predicted syatem perform- 
ance been verified (in any degree) with available experimental 
data? If so, how? 

9 . 3  In outdoor experiments, how have you allowed for different con- 
ditions of weather, terrain,  and topology? 

9.4 Have you considered oatellite experiments? If so, how? What 
experiment8 and meaourement techniquer would you ure? 

9.5 What other platforms have you ured o r  considered for experiments? 
Discuss. 

a- 
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10.0 SYSTEMS ANALYSIS 

Discuss the components and systems that have been analyzed and used in 
your analytical and measurement studies, 
meters  of the transmitters (power, wavelength, beam width, temporal 
and spatial coherence, etc. ), receivers (detector characteristics, 
collection systems, coherent versus incoherent, photographic systems, 
etc. ), beam steering, modulation, data handling, Were system design 
and performance studies carried out independently o r  in conjunction with 
basic propagation studies? How were the components used and predicted 
performance ascertained? 

Specify the significant para-  

11.0 RESOURCES 

Discuss in detail the equipment and facilities you have o r  plan to have in 
the future that could be used in  a l a se r  propagation experimental program. 
Specify the types and performance of such equipment as tracking and 
receiving electro-optics, mounts, data links, flight platforms, etc. 
Indicate the location and availability of laboratory and field experimental 
ranges. 
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